Dendritic spines are the primary excitatory postsynaptic sites which act as subcompartments of signaling. Ca 2+ is often the first and rapid signal. Downstream of calcium, the cAMP/PKA pathway plays a critical role in the regulation of spine formation, morphological modifications, and ultimately, learning and memory. While the dynamics of calcium are reasonably well-studied, calcium-induced cAMP/PKA dynamics are not fully explored. In this study, we present a well-mixed model for the dynamics of calcium-induced cAMP/PKA dynamics in dendritic spines. The model is validated against experimental measurements in the literature. Further, we measure calcium dynamics in dendritic spines of cultured hippocampal CA1 neurons to justify the choice of model inputs. Our model predicts that the various steps in this pathway act as a frequency modulator for calcium and high frequency of calcium input is filtered by AC1 and PDEs in this pathway such that cAMP/PKA only responds to lower frequencies. This prediction has important implications for noise filtering and long-timescale signal transduction in dendritic spines. A companion manuscript presents a three-dimensional spatial model for the same pathway.
Introduction
Intracellular calcium oscillations ranging from seconds to minutes are known to be responsible for distinct physiological roles in the nervous system [1] [2] [3] [4] . Oscillatory gating dynamics of plasma membrane-embedded channels or cyclic calcium release from intracellular stores can generate calcium spikes [5] . Tightly coupled with calcium oscillations, through various signaling pathways, are the dynamics of another important second messenger, cAMP [5, 6] . Changes in the amplitude and frequency of these oscillating signals along with the intracellular concentrations of these second messengers can trigger diverse cellular responses in neurons [5, [7] [8] [9] . However, the mechanisms by which these oscillations are tuned to drive particular responses in cells remain unclear.
Two types of enzymes are proposed to play important roles in driving parallel Ca 2+ and cAMP oscillations: adenylyl cyclases (ACs) and phosphodiesterases (PDEs) [10] . ACs, which synthesize cAMP from ATP, are either directly or indirectly regulated by Ca 2+ signaling. Different AC isoforms and their spatial organization in cells are thought to play an important role in regulating the spatiotemporal dynamics of cAMP [11] . AC1 is an isoform of AC that is highly expressed in the brain and is directly activated by Ca 2+ through the calcium-calmodulin complex. Phosphodiesterases hydrolyze cAMP to AMP and are regulated by cAMP-dependent protein kinase-A (PKA) activity downstream of cAMP [12, 13] . The isoforms PDE1 and PDE4 are highly expressed in the hippocampus and are modulated by the calcium-calmodulin complex and phosphorylation by PKA respectively [14] .
The primary effector of cAMP, PKA, is a heterotetrameric protein kinase consisting of two catalytic and two regulatory subunits. Postsynaptically, calcium influx through N-methyl-D-aspartate receptors (NMDAR) triggers the synthesis of cAMP by ACs and induces PKA activity. PKA activation plays an important role in long-term potentiation and depression [15] and neurite outgrowth [16] , resulting in memory formation [17] and emotional expression, among other cognitive processes [18] . Within dendritic spines, PKA is enriched following stimulation of upstream signaling pathways [19, 20] and structural plasticity [21] . Spinal PKA activity has also been associated with maintenance of synaptic strength [20] . Despite the critical role of PKA in signal transduction and physiological response within dendritic spines, little is known about how calcium-cAMP/PKA crosstalk occurs in dendritic spines.
In this work, we built a mathematical model of calcium-induced cAMP/PKA dynamics to integrate different key steps in the modulation of signaling components in the cAMP/PKA pathway. This model was constrained using experimental data available in the literature. Our model predicts that components in this pathway serve as frequency modulators of calcium dynamics such that cAMP/PKA only picks up the lower frequency of calcium influx; that is, cAMP/PKA is a leaky integrator of calcium dynamics. This finding sheds light on the kinetic mechanisms for robustness of cAMP/PKA responses in dendritic spines. Experimental measurements of calcium oscillations in dendritic spines show that calcium oscillates spontaneously in spines and these measurements are used to generate predictions of cAMP/PKA kinetics for different calcium inputs.
(Lifetech), glucose, and additional HEPES. Hippocampi were dissociated using papain (Worthington Biochemical). Cells were washed and resuspended in phenol red-free Neurobasal Medium (Lifetech) supplemented with L-glutamine (Stem Cell Technologies) and SM1 (NeuroCult, Stem Cell Technologies). Mixed neuron and astrocyte cell suspension was plated at a concentration of 200,000 cells/mL onto glass bottom 35 mm petri dishes (CellVis) coated with poly-L-lysine (Sigma). Cells were incubated in a humidified 37 • C, CO 2 incubator (HeraCell). At DIV 20, cells were transfected with GCaMP6f using Lipofectamine 2000 (Invitrogen) for 48 hours, and imaged at DIV 22.
Live-cell imaging: Neurons were imaged in full medium using a resonant-scanning A1R confocal microscope (Nikon) equipped with a 60x 1.49 NA oil immersion objective, 489.1 nm laser, 525/50 nm emission filter, 488 dichroic, and DU4 GaASP detectors. Cells were kept at 37 • C and 5% CO 2 using a stage-top incubation system (Okolab). Images of basal calcium dynamics were acquired using NIS Elements AR 5.10.01 at 4 frames per second for 4-5 minutes.
Image Analysis: Initial image analysis was done using NIS Elements AR Analysis 5.10.01. To measure calcium in spines, images were deconvoluted in 2D using 20 iterations of blind deconvolution with medium noise. Individual spines were identified and intensity measured over time. Fluorescence intensities were background corrected by subtracting intensity from a region with no transfected cells from spine intensities, and represented as ∆F/F where the minimum fluorescence intensity was subtracted from the instantaneous fluorescence intensity and divided by the minimum fluorescence intensity. Further processing was done using Microsoft Excel and MATLAB. Figure  preparation was done using OMERO.
Mathematical Model Development
In this section, we list the model assumptions, identification of the key components in the pathway, and the governing equations.
Model assumptions
In order to simulate the temporal dynamics of calcium-stimulated cAMP/PKA pathway in dendritic spines, we developed a well-mixed model that accounts for the dynamics of the different biochemical species shown in Figure 1 . We briefly discuss the assumptions made in developing this model below.
• Compartment size: We model the spine as a single compartment with a volume of 0.1 femtoliter (10 −16 liter) based on the volume of a single dendritic spine [22] . All the biochemical species including the membranebound ones are well-mixed across this compartment. A separate spatial model is presented in [23] .
• Time scales: We focus on cAMP/PKA dynamics at the minute timescale. Calcium input was prescribed as sinusoidal functions with exponential decays based on experimental observations in the literature [24] and our experimental measurements. Different calcium inputs are described in detail below.
• Reaction types: The catalytic reactions such as enzymatic reactions, phosphorylation by kinases, and dephosphorylation by phosphatases are modeled using Michaelis-Menten kinetics. All other reactions are modeled using mass action kinetics assuming that the concentrations are present in large quantities. The reactions and corresponding reaction rates are given in Table 1 .
• Enzyme regulations by calcium-calmodulin complex: We assumed that the enzymes regulated by calciumcalmodulin, AC1 and PDE1 are fully activated only when all four binding sites of calmodulin are bound by calcium ions [25, 26] . These fully activated enzymes are shown as AC1·CaM (AC1·Ca 4 ·CaM) and PDE1·CaM (PDE1·Ca 4 ·CaM).
• Kinetic parameters: Kinetic parameters for these reactions were estimated using the COPASI simulator [27] and are given in Table 2 . The model was constrained such that dose-response curves from the simulations matched the experimentally reported dose-response curves. To estimate the model parameters, we primarily used data from brain tissues. For AC1 activation by Ca 2+ we used mouse hippocampus data [28] . For cAMP-ATP dynamics data from mouse neuroblastoma (N18TG2 cells) was used [29] . For PDE1 activation and PDE1/PKA phosphorylation, we used data from bovine brain (60 kDa) [30, 31] . In cases where data from brain tissues was not available, we used other cell types. For example, for PDE4/PKA phosphorylation, we used data from SF9 cells (spodoptera frugiperda Sf21 insect cells) [32] .
Based on these assumptions, we constructed a well-mixed model of the calcium-induced cAMP/PKA pathway in dendritic spines. Table 1 .
Key components and governing equations of the model
After identifying the key components of the cAMP pathway, using the existing experimental data in the literature, we designed the biochemical reactions. Based on the interactions between different signaling molecules, these reactions can be activation or inhibition and binding or unbinding with various types of kinetics. Some of these reactions are binding reactions that are modeled using either mass action or cooperative kinetics. Other are catalytic reactions also known as enzymatic activation or inhibition that are modeled using Michaelis-Menten kinetics. These reactions are designed in the six following modules:
1. Ca 2+ /CaM complex formation: Calcium can enter the spine through NMDAR-mediated influx at the plasma membrane or through the activation of ryanodine and IP 3 receptors from internal stores [33] . Resting calcium is in the range of 0.05-0.1 µM and can rise to 10-100-fold when neurons are activated [34] . Calmodulin is a small protein involved in the regulation of many calcium-dependent events [35] [36] [37] . Calmodulin has two calcium binding sites at each N-terminus and C-terminus lobe with different Ca 2+ affinities [38] . Calcium has a higher affinity for C-lobes than the N-lobes [39] but the N-lobe binds calcium faster [40] . Based on these observations, we modeled the formation of the calcium-calmodulin complex using two sequential binding reactions with mass action kinetics. For simplicity, we did not consider the cooperative binding within each of these individual lobes [41] . Equation (1) Figure 2A ).
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2. AC1 activation by Ca 2+ /CaM complex: Calcium-calmodulin stimulated adenylyl cyclase 1 (AC1) plays an important role in learning, memory formation, and long-term potentiation by coupling calcium activity to cAMP in neurons [42] . Unlike other members of AC family, AC1 is not stimulated by G s -coupled receptors unless it is activated by intracellular calcium [43] . AC1 responds to NMDA-mediated calcium elevations (and not calcium released from intracellular stores) and is mostly located close to the post-synaptic densities of dendritic spines [44] . AC1 is the predominant and neuro-specific calcium-stimulated adenylyl cyclase which is mostly expressed in dendrites, axons and at synapses [45] . At very high concentrations of calcium (> 10 µM ) AC1 is inhibited [46] . Our model takes this effect into account by fitting experimental data from [28] to the AC1 activity for steady state Ca 2+ ( Figure 2B ). AC1 synthesizes cAMP from ATP and has been shown to be associated with hippocampal-dependent learning abilities [44] . We modeled AC1 activation by calcium as a two-step process. First, AC1 binds to Ca 2 ·CaM by mass action kinetics to form AC1·Ca 2 ·CaM. Second, two other Ca 2+ bind to AC1·Ca 2 ·CaM in a cooperative binding reaction to form AC1·Ca 4 ·CaM. Only fully activated AC1·Ca 4 ·CaM can catalyze cAMP production. The first term in R 4 accounts for cooperative kinetics, while the second term accounts for basal degradation. The parameters used in this module are listed in Table 2 and comparison against experimental data is shown in Figure 2B .
3. PDE1 activation by Ca 2+ /CaM complex: Phosphodiesterase 1 (PDE1) is the other key enzyme that regulates calcium/cAMP interactions [26] . PDE1A (the PDE1 subtype used in our model) is widely expressed at high levels in the hippocampus [47] . PDE1 is the only type of phosphodiesterase that is calciumcalmodulin-activated [48, 49] . PDE1 becomes activated by intracellular calcium level increase and has low cAMP affinity in comparison with other members of phosphodiesterase family [50] . The phosphorylation of PDE1A (brain 60 kDa PDE1) by PKA increases the calcium concentration required for activation of PDE1A by decreasing the enzyme's affinity for calmodulin [51] . Unlike AC1, PDE1A does not discriminate between different sources of calcium [52] . We modeled PDE1 activation by calcium as a two-step process -first, PDE1 binds to Ca 2 ·CaM by mass action kinetics to form PDE1·Ca 2 ·CaM. Second, another two Ca 2+ bind to PDE1·Ca 2 ·CaM in a cooperative binding reaction to form PDE1·Ca 4 ·CaM. Only fully activated PDE1·Ca 4 ·CaM can hydrolyze cAMP into AMP. The first term in R 6 accounts for cooperative kinetics, while the second term accounts for basal degradation. The parameters used in this module are listed in Table 2 and comparison against experimental data from [30] is shown in Figure 2E .
4. cAMP production: Adenylyl cyclases catalyze the conversion of ATP into cAMP. cAMP is implicated in both LTP and LTD by activating PKA [53] [54] [55] [56] . In our model, fully activated AC1, AC1·Ca 4 ·CaM, catalyzes the formation of cAMP from ATP. This reaction is modeled by Michaelis-Menten kinetics with a basal degradation term. The enzyme is shown in bold type. The steady-state amount of generated cAMP with ATP is evaluated using experimental data from [29] shown in Figure 2C .
5. PKA activation: PKA has two catalytic subunits and a regulatory dimer that binds to the catalytic subunits [57, 58] . RIIβ is the dominant PKA isoform expressed in the brain [59] . cAMP binds to its effector, PKA, and regulates the activity of regulatory subunits. Then, PKA phosphorylates different kinases responsible for neuron growth and differentiation, such as LKB1 and GSK-3β in the hippocampus [50] . Activation of PKA by cAMP is modeled in three steps inspired by [59] with some modifications in the order of A-and B-domain binding of cAMP that was observed in experiments by [60] . First, two cAMP molecules bind to the A-domain (Equation (8)), then the other two cAMP molecules bind to the B-domain (Equation (9)). Finally, when all four cAMP molecules are bound to A-and B-domains, the two catalytic subunits are released (Equation (10)). These reaction schemas are evaluated by experimental data from [60] for steady state cAMP concentration and PKA formation shown in Figure 2D and kinetic parameters are given in Table 2 .
6. PDE phosphorylation by PKA: Both PDE1A and PDE4A can be phosphorylated by PKA. PKA phosphorylation of PDE1A alters its affinity toward both calcium and calmodulin [30] . PDE4 is a cAMP-specific phosphodiesterase and its activity is increased two to six-fold upon PKA phosphorylation [50] . Different PDE4 isoforms (PDE4A, PDE4B, PDE4D) are targeted to synapses to regulate the cAMP level and modulate synaptic plasticity in learning and memory [50] . PDE4A (the PDE4 subtype used in our model) is highly expressed in the CA1 subregions of the rat hippocampus and is the major PDE4 subtype involved in mediating memory [47] . The phosphorylation reactions of the two different PDE isoforms are modeled by Michaelis-Menten kinetics with a basal degradation, where PKA acts as an enzyme in both of these reactions (Equation (11) and Equation (12)). These reactions are evaluated at steady state to show how PKA phosphorylation affects the activity of PDE1A and PDE4 in comparison with experiments from [30] and [32] in Figure 2E and Figure 2F respectively.
7. cAMP degradation: We assumed that cAMP can be degraded to AMP by PDE1·Ca 4 ·CaM, PDE4, and PDE4P (PDE4 phosphorylated by PKA). All cAMP inhibition reactions are modeled by Michaelis-Menten kinetics with a basal degradation term, in which phosphodiesterases act as enzymes (Equations (13) to (15)). cAMP hydrolysis by PDE4 and PDE4P evaluated against experimental data from [32] is shown in Figure 2F .
cAMP + PDE4P
The list of the above reactions and estimated parameters are shown in Table 1 and Table 2 , respectively.
Ordinary differential equations
The temporal dynamics of each species, c, is defined as
where c i , i ∈ 1, 2, ..., 21, represents the concentration of the i th species as a function of time and J i is the net reaction flux for the i th species. These ordinary differential equations (ODEs) and the corresponding initial concentration of the different species are shown in Table 3 . The sensitivity analysis with respect to reaction parameters and initial conditions of the model for cAMP and PKA are shown in the Supplemental Material ( Figure S1 -S4). [39] . (B) Ca 2+ -stimulated adenylyl cyclase activity, predicted by our model, and comparison with experimental data from [28] . (C) cAMP production at increasing concentrations of ATP, predicted by our model, and comparison with experimental data from [29] . (D) Activation of RIIβ holoenzymes by cAMP in A-and B-domains, predicted by our model, and comparison with experimental data from [60] . (E) Activation of phosphodiesterase isoenzyme PDE1A by different concentrations of Ca 2+ before and after the phosphorylation of the isoenzyme by PKA, predicted by our model, and comparison with experimental data from [30] . (F) PDE4A-catalyzed cAMP hydrolysis at increasing cAMP concentration before and after PKA phosphorylation, predicted by our model, and comparison with experimental data from [32] . It must be noted that none of the experimental datasets in the literature reported error bars or standard deviations for the measured data points.
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2+ input signals as the stimulus
The four different types of input calcium are modeled as:
1. Sinusoidal oscillations (ω 1 =0.5 Hz) with exponential decay that is repeated every 5 minutes (ω 2 =0.003 Hz):
2. Calcium bursts with exponential decay that is being repeated every 5 minutes (ω 2 =0.003 Hz): 
Module 3: cAMP Production
Module 5: PDE Phosphorylation By PKA
*Enzymes are in bold type Table 2 : Reaction parameters calculated for the model
*All the kinetic parameters are calculated by fitting the experimental data to the kinetic equations. For reaction 13, the kinetic parameters are directly extracted from [31] .
3. Non-oscillating calcium:
in which [Ca 2+ ] rest =0.1 µM is the resting concentration of calcium in the cytoplasm.
4. Experimental calcium: Spontaneous calcium oscillations measured in neurons are shown in Figure 5 . The measured calcium is in the range of 0.1 to 10 µM with oscillations in the seconds timescale. 
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*Initial concentrations are estimated in COPASI using the experimental data fitted to the model parameters.
Numerical Methods
The system of ordinary differential equations for this model is solved for a time course of 1800 seconds and interval size of 0.1 (sec) through a deterministic simulation in COPASI [61] . Using a deterministic algorithm (LSODA), the system of ODEs is solved with a dense or banded Jacobian when the problem is stiff and automatically selects between non-stiff (Adams) and stiff (BDF) methods by initially using the non-stiff method and dynamically monitoring data in order to decide which method to use [62] . Parameter estimations are done in COPASI using the Evolutionary Programming (EP) method [63] [64] [65] . Sensitivity analyses were conducted in COPASI by numerical differentiation using finite differences [66] .
Results
Large frequency modulation of immediate downstream effectors of calcium: The first module of the model focused on the formation of the calcium-calmodulin complex. Calcium input was modeled as a sinusoidal function with a 2-second oscillation period with an exponential decay every 5-minutes [24] ( Figure 3A) . From here onwards, we refer to the larger frequency as ω 1 for the oscillations in the seconds timescale and the smaller frequency as ω 2 for the oscillations in the minutes timescale. The dynamics of calmodulin consumption leading to the formation of Ca 2 ·CaM respond only to the low-frequency oscillations of calcium in minute-scale ( Figure 3A) . Ca 2 ·CaM demonstrates both low frequency (minute-scale) and high frequency (second-scale) oscillations (Figure 3 ). In the next step, two more Ca 2+ bind to Ca 2 ·CaM to form Ca 4 ·CaM. Ca 4 ·CaM also responds to second-scale oscillations of calcium; however, the oscillation amplitudes are almost 10-fold lower in comparison with Ca 2 ·CaM ( Figure 3A ). Another key difference between the observed oscillation patterns of Ca 2 ·CaM and Ca 4 ·CaM is that the Ca 2 ·CaM oscillation pattern seems to be mainly driven by CaM on the minute-scale, while the Ca 4 ·CaM oscillation pattern looks almost exactly like calcium patterns with less significant oscillations on the second scale. AC1 and PDE1 are activated by the Ca 2+ /CaM complex. Ca 2 ·CaM binds to AC1 and forms AC1·Ca 2 ·CaM. Both AC1 and AC1· Ca 2 ·CaM show second and minute-scale calcium oscillations ( Figure 3B ) and their oscillation pattern seem to be mostly deriven by Ca 2 ·CaM oscillation pattern shown in Figure 3C with less significant secondscale oscillations. In the second step, AC1· Ca 2 ·CaM fully activates AC1 by forming AC1· Ca 4 ·CaM with the other two Ca 2+ . In comparison to AC1·Ca 2 ·CaM, AC1· Ca 4 CaM shows less significant second-scale oscillations (almost 10-fold lower) and the minute-scale oscillations seems to be driven by the calcium oscillation pattern ( Figure 3B ). AC1· Ca 4 ·CaM dynamics mostly follow Ca 4 ·CaM dynamics with less sensitivity to Ca 2+ . The dynamics of PDE1 activation by Ca 2 ·CaM is very similar to AC1. However, both PDE1·Ca 2 ·CaM and PDE1·Ca 4 ·CaM show much higher sensitivity to second-scale oscillations of Ca 2+ ( Figure 3C ). This higher activity and increased sensitivity of PDE to Ca 2+ /CaM in comparison with AC, which makes the amplitude of the oscillations of the PDE activity larger than the amplitude of the oscillations of the AC activity, has been reported by [67] . Small frequency modulation of cAMP/PKA and PDE phosphorylation: After enzyme activation by calciumcalmodulin complex, cAMP is synthesized by AC1·CaM from ATP. Then PKA is activated by cAMP and activated PKA phosphorylates PDE1 and PDE4. Finally, cAMP is degraded by PDE1, PDE4, and PDE4P and shows minutescale oscillations and leaky oscillations on the second-scale ( Figure 4A ). PKA is activated by cAMP and as a result, it only shows minute-scale oscillations ( Figure 4B ). While PDE1-P (phosphorylated PDE1) shows minute-scale oscillations ( Figure 4C ), PDE4P (phosphorylated PDE4) barely shows any oscillations ( Figure 4D ). Degradation of cAMP by PDE4 and PDE4P, which are indirectly affected by calcium oscillations might filter the secondscale oscillations induced by AC1·CaM in the cAMP synthesis and change the second-scale oscillations to leaky oscillations ( Figure 4A) . Thus, our model predicts that phosphodiesterases may filter the large frequency (ω 1 ) oscillations of the upstream components driven by calcium dynamics and capture only the smaller frequency (ω 2 ). cAMP/PKA pathway filtering of Ca 2+ signals: The response of cAMP/PKA to different calcium patterns raises the following questions: do spines experience vastly varying calcium patterns? Can experimentally-measured calcium patterns be used to generate predictions from our model? In order to answer these questions, we measured basal calcium fluctuations in dendritic spines of hippocampal neurons. Cultured neurons have been previously reported to form neuronal networks in vitro exhibiting spontaneous action potentials [68] , which can be measured using reporters of neuronal activity, such as calcium sensors. We expressed the genetically encoded calcium biosensor GCaMP6f [69] in primary rat hippocampal neurons. To allow for useful parameters to be determined, we assigned calcium concentrations to correspond to changes in the measured fluorescence intensity (∆F/F), based on previously reported intracellular calcium concentrations [34] . Using the measured calcium in three spines from three neurons as the stimulus in the model, we found our model predicts different types of cAMP/PKA dynamics based on the calcium input ( Figure 5 ). We chose these three spines to reflect the different calcium patterns tested in Figure 6 . The first spine measured had minimal changes in fluorescence intensity and displays a low range of predicted calcium concentrations (0.1 to 0.2 µM ) ( Figure 5A ). There seem to be no apparent calcium spikes, and the calcium concentration is barely enough to fully activate AC1 and PDE1 and show steady-state cAMP and PKA. AC1·CaM and PDE1·CaM integrate some calcium peaks; however, cAMP and PKA do not exhibit significant peaks. The second spine measured shows higher fluorescence intensity which is almost 10-fold higher than the first data set ( Figure 5B ). In the second spine, AC1, PDE1, cAMP, and PKA reach a steady state. AC1 and PDE1 seem to reflect most of the calcium major peaks, while cAMP appears to filter out some of the less significant peaks, and PKA almost shows none of these peaks. The third spine measured showed many calcium spikes and a very high range of fluorescence intensity, which we correlated to a large range of calcium concentrations ( Figure 5C ). The slopes at the first 60 seconds of simulation show that the activation of AC1 and PDE1, and formation of cAMP and PKA occurs much faster in the third spine ( Figure 5C ) in comparison to the other two ( Figure 5A and B). With high ranges of calcium transients, AC1, PDE1, and cAMP seem to integrate most of the calcium peaks and even PKA has nominal peaks ( Figure 5C ). Thus, we find that for experimentally derived calcium transients cAMP/PKA serve to filter out the larger frequency (ω 1 ). Figure 5 : Model predictions for AC1·CaM, PDE1·CaM, cAMP, and PKA for experimental calcium input measured from GCaMP6f expressed in DIV 22 primary rat hippocampal neurons. Fluorescence intensity measurements shown for calcium have an arbitrary starting time and the model system at time zero (start of the recording) is already in equilibrium. The calcium concentration is estimated based on the relative increases and decreases in calcium to the minimum intensity measured. (A) The calcium input is at low range, almost on the range of resting calcium concentration. This calcium amount slows down the rate of AC1 and PDE1 activation by calcium-calmodulin complex and as a result, only a low amount of cAMP is produced. AC1·CaM and PDE1·CaM seem to pick up only calcium peaks, while these calcium dynamics seem to barely affect the cAMP and PKA dynamics over the time course of recorded calcium (4 minutes). (B) The second set of measured calcium in the spine shows a higher amount of calcium which accelerates the rate of AC1 and PDE1 activation and cAMP and PKA formation. Due to the higher range of calcium oscillations in this data set, AC1·CaM, PDE1·CaM, and cAMP seem to be affected more by calcium transients. (C) This set of measured calcium data shows the highest recorded calcium. Because of the high range of calcium oscillations (10 µM ), the induced calcium transients are significant in this case and even PKA shows a subtle effect of the most prominent calcium spikes. The data are representative of n=10 neurons from three independent experiments. Representative images at the indicated time points are shown for each spine selected for analysis. Scale bar, 10 µm.
Ca 2+ signal frequency modulates cAMP/PKA dynamics: If it is true that cAMP/PKA filters out ω 1 dynamics to pick ω 2 dynamics, then this must hold true for different values of these two frequencies. To further test our predictions, we designed three different calcium inputs ( Figure 6 ) -first, no oscillations of calcium; second, ω 1 is zero and only ω 2 is present; and third, both ω 1 and ω 2 are present. In the first set of simulations, Ca 2+ input has an initial constant concentration of 1 µM with no oscillations or calcium bursts during the 15 minutes of oscillations ( Figure 6A ). From AC1·CaM and PDE1·CaM to cAMP and PKA, it is evident that there is only one peak of the concentrations for all these species, with a 40-60 seconds delay between AC1·CaM and PDE1·CaM and cAMP/PKA. This behavior has also been observed by [21] , where PKA returns to basal level about 10 minutes after stimulation by a pulse of calcium. For the second set of simulations, starting from the same initial calcium concentration (1 µM ), we simulated a calcium burst every five minutes ( Figure 6B ). These calcium bursts at every five minutes are reflected in AC1·CaM, PDE1·CaM, cAMP, and PKA dynamics. The range of concentrations for all of these molecules is the same as the concentration seen in the first simulation ( Figure 6A ). The third set of simulations has sinusoidal oscillations with two-second periods in addition to the calcium bursts at every five minutes ( Figure 6C ). AC1·CaM and PDE1·CaM show both second-and minute-scale oscillations while cAMP and PKA only show the minute-scale oscillations ( Figure 6C ). In comparison to the second simulation ( Figure 6B ), the concentration of AC1·CaM, PDE1·CaM, cAMP, and PKA are lower ( Figure 6C) . We also chose different ω 2 values and confirmed that cAMP only picks up minute time scales ( Figure S5 ).
Discussion
cAMP/PKA activity triggered by Ca 2+ is an essential biochemical pathway for synaptic plasticity, regulating spine structure, and long-term potentiation [21, 70] . In this study, we have developed a mathematical model, constrained by existing experimental data (Figure 2) , to simulate the dynamics of cAMP/PKA pathway in response to calcium input. Analysis of this model allowed us to make the following predictions: first, for a given calcium input, AC1, and PDE1 kinetics reflect both the large and the small frequencies albeit with different amplitudes; second, cAMP/PKA dynamics reflect only the small frequency of the calcium input; and finally, cAMP/PKA acts as a leaky integrator of calcium because of frequency attenuation by the intermediary steps ( Figure 7 ). We also found that spines generated different spontaneous calcium frequencies in cultured neurons ( Figure 5 ), thus motivating the need to study multiple time scales. These findings have implications for cAMP/PKA signaling in dendritic spines in particular and neuronal signal transduction in general.
The ability to modulate the output frequency in response to a signal input is an important feature in biochemical signal transduction; it ensures robustness and noise-filtering. As a result, the output signal, cAMP/PKA in this case, will respond to calcium input for strong signals but not to weak signals ( Figure 6 ). In general, the combination of activation and inactivation kinetics along with feedback loops, many of which oscillate, may be responsible for noise attenuation in signal regulation [71, 72] . Noise attenuation has a significant role in regulating biological switches. These switches must sense changes in signal concentration while buffering against signal noise [73] . Our model predicts that depending on the sensitivity of regulating enzymes to Ca 2+ , the signaling input can be modified to the desired signaling output with a different range of frequency. For example, starting with a stimulus Ca 2+ signal with a combination of ω 1 and ω 2 oscillation frequencies, the cAMP/PKA pathway can modify the initial signal and filter it so that components downstream in the pathway, such as PKA receive a signal with an oscillation frequency of ω 2 ( Figure 7) .
As a result, cAMP/PKA can be thought of as a leaky integrator of calcium signals ( Figure 4A and B). This signal modification is important in the context of how cAMP/PKA directly impacts transcription factor activation (e.g. CREB and Epac) [17, 74] . While these transcription factors are not directly considered in our study, it is possible that the frequency modulation exhibited by the pathway we modeled plays a critical role in contributing to neuronal robustness to small fluctuations while retaining the ability to rapidly respond to large calcium influxes.
The calcium input to our model was inspired by measurements of spontaneous calcium dynamics in dendritic spines ( Figure 5 ). Ideally, we would like to use imaging to simultaneously measure spontaneous calcium and cAMP/PKA activity in dendritic spines in order to test our model predictions. However, despite the recent developments in flu- orescence biosensing methods, imaging and co-imaging of multiple second messengers, kinases, and phosphatase activities in micron-sized compartments remains challenging [75] . This is also true for simultaneously imaging the dynamics of both cAMP and calcium in single dendritic spines [21, 76] . Recently, Tang et al. measured PKA activity in dendritic spines in response to glutamate uncaging using new FRET (fluorescence resonance energy transfer) probes that they developed [21] . The timescale of PKA dynamics from our model ( Figure 6A ) are in good agreement with the time scale of approximately 10 min ( Figure 6 of Tang et al [21] ). This indicates our developed model closely mimics reported PKA activity in subcompartments, in this case, dendritic spines.
Despite the predictive capability of our model, there are certain limitations that must be acknowledged. First, we only consider a deterministic model and have currently ignored stochastic dynamics in the system. It is possible that the frequency modulation effects presented here will be somewhat altered by including stochasticity but we anticipate that the overall conclusions will not be affected on average if the same network is considered. An additional limitation of our work emerges in the form of challenges associated with co-imaging two second messengers si-multaneously in the same spine. We are working on developing such probes to overcome these challenges. Finally, spatial regulations of cAMP signaling are other important factors that need to be considered [77] [78] [79] . Furthermore, enzyme regulation seems to play a significant role in cAMP/PKA pathway dynamics and signal filtration [80] [81] [82] . These enzymes can also be localized by A-kinase anchoring proteins (AKAPs) and change cAMP/PKA dynamics further [83] [84] [85] . The effect of spine size and enzyme localizations are considered in a companion study [23] . Figure 7 : The frequency control in the modeled cAMP/PKA pathway from calcium stimulation through PKA. Calcium oscillates with a combination of frequencies (ω 1 =0.5 Hz and ω 2 =0.003 Hz). From calcium-calmodulin complex activation of AC1 and PDE1 enzymes through cAMP production and degradation, the effect of ω 1 becomes trivial. Ultimately, through the downstream pathway, ω 2 becomes the only significant oscillatory frequency.
